Abstract-The purpose of this paper is to continue to develop the recently introduced concept of a regular positivereal function and its application to the classification of lowcomplexity two-terminal networks. This paper studies five-and six-element series-parallel networks with three reactive elements and presents a complete characterisation and graphical representation of the realisability conditions for these networks. The results are motivated by an approach to passive mechanical control which makes use of the inerter device.
I. INTRODUCTION
A famous theorem in electrical networks by Bott and Duffin [1] showed that any positive-real function could be realised as the driving-point immittance of a network consisting of resistors, capacitors and inductors only. The apparent non-minimality of the construction has subsequently intrigued many researchers and there were a number of important papers which followed up on this question, e.g. [2] , [3] , [4] , [5] . Interest in the topic lost momentum in the early 1970s due to the growing importance of integrated circuits.
Recently, a new network element (the inerter) was introduced for mechanical control [6] which has revived interest in passive network realisations. The inerter is a mechanical two-terminal element with the property that the applied force at the terminals is proportional to the relative acceleration across the terminals. Applications of the method to vehicle suspension [7] , [8] , control of motorcycle steering instabilities [9] , [10] and vibration absorption [6] have been identified. The inerter has been successfully deployed in Formula One racing since 2005 [11] .
For mechanical realisations, minimising network complexity is important. As such, there is fresh motivation for a systematic classification of the realisability conditions of simple networks. Within the electrical circuit literature, alongside the powerful and general synthesis results of Cauer, Foster, Brune, Bott-Duffin, Darlington, there was a long-running attempt to classify the realisability condition for simple networks by means of enumeration [12] , [13] , [14] , [15] , [16] , [17] , [18] , [19] , [20] , [21] , [22] . Many partial results were established but a complete picture was never obtained, even for the apparently simple case of a biquadratic.
The present paper is a successor to [23] which formalised the concept of a regular positive real function, introduced the terminology of a network quartet, and gave a complete reworking and characterisation of the class of transformerless networks containing two reactive elements. The present paper considers five-and six-element series-parallel networks with Both authors are with the Department of Engineering, University of Cambridge, Cambridge CB2 1PZ, U.K.; zj219@cam.ac.uk, mcs@eng.cam.ac.uk three reactive elements which draws on and reworks results of Foster, Ladenheim, Vasiliu, Reichert and others [24] , [25] . Among the networks with three reactive elements it is verified that there is one network quartet with five elements and four network quartets with six elements which may realise non-regular positive-real biquadratic functions. In each case, the non-regular realisable regions for a biquadratic function in canonical form are determined. It is shown that the non-regular realisable regions for three of the six-element network quartets are identical and have a boundary which coincides with the realisability curve for the five-element quartet. The fourth six-element quartet is shown to realise a different non-regular region from the other quartets.
II. REGULAR POSITIVE-REAL FUNCTIONS
In this section we recall the concept of regularity and its properties given in [23] .
Definition: A positive-real function Z(s) is defined to be regular if the smallest value of Re (Z(jω)) or Re Z −1 (jω) occurs at ω = 0 or ω = ∞.
Lemma 1: Let Z(s) be a regular positive-real function. Then αZ (s), Z (βs), Z s −1 , Z −1 (s) are all regular, where α, β > 0.
Lemma 2: Let Z(s) be a regular positive-real function. Then Z(s) + R and Z −1 (s) + R −1 are both regular, where R is nonnegative.
Lemmas 1 and 2 imply that if a network can only realise regular immittances, then so will the dual network (if it exists), the network obtained by replacing inductors with capacitors of reciprocal values (and vice versa) and the network obtained by adding a resistor in series or in parallel with the original one.
The next lemma follows from the fact that the impedance Z (s) or admittance Y (s) of any network that has all reactive elements of the same kind has Re (Z(jω)) and Re (Y (jω)) monotonic ([26, Chapter 2.2]).
Lemma 3: Any network that has all reactive elements of the same kind can only realise regular immittances.
Lemma 4: Any network that has a path between the two external terminals 1 and 1 ′ or a cut set ( [27] ) that places 1 and 1 ′ in different connected parts consisting of one type of reactive element can only realise regular immittances.
We now focus attention on biquadratic positive-real functions
where A, B, C, D, E, F ≥ 0. It is well known [14] , [28] , [29] that Z (s) is positive real if and only if
We will make use of the resultant of the numerator and denomerator in (1) which is given by
Lemma 5: A positive-real biquadratic impedance (1) is regular if and only if the conditions of at least one of the following four cases are satisfied: Case 1. AF − CD ≥ 0 and
Lemma 7: A positive-real biquadratic impedance (1) with the resultant K ≤ 0 has Re (Z(jω)) and Re (Y (jω)) monotonic, hence is regular.
Lemma 8: A positive-real biquadratic impedance (1) with any of the parameters A, B, C, D, E and F equals zero is regular. Moreover, any such impedance can be realised by a series-parallel network with at most two reactive elements and two resistive elements.
III. A CANONICAL FORM FOR BIQUADRATICS AND NETWORK QUARTETS
The classification of networks is facilitated by the following transformations on the impedance Z (s):
1) Multiplication by a constant multiplier α, 2) Frequency scaling: s → βs, 3) Frequency inversion:
Based on Lemma 8, it is clear that we can restrict further analysis of the synthesis problem for biquadratics (1) to the case that A, B, C, D, E, F > 0. Using the first two transformations, Z (s) can be reduced to a canonical form
For the realisation of the biquadratic, it is sufficient to restrict attention to the class in (3). This canonical form was first considered in [18] . Next we observe that frequency inversion s ↔ s −1 corresponds to the transformation W ↔ W −1 in the canonical form and impedance inversion (duality) corresponds to the transformations: U ↔ V , W ↔ W −1 . This is illustrated in Fig. 1 where the four networks N a , N Transformations relating members of a network quartet and corresponding transformation in the canonical form (3). s −1 ) and duality. Such a family of 4 related networks has appeared in [22] with the terminology "Untergruppe".
It follows from (2) that Z c (s) is positive real if and only if
The resultant of Z c (s) is
For any polynomial ρ (U, V, W ) we introduce the notation ρ
We can now restate Lemmas 5-7 for the canonical form ( 
Lemma 9-1) defines the regular region of a biquadratic in the (U, V )-plane, as shown in Fig. 2 . In [23] the following theorem was shown.
Theorem 1: A biquadratic impedance (1) can be realised by series-parallel five-element networks with two reactive elements if and only if it is regular.
IV. FIVE-ELEMENT THREE-REACTIVE ELEMENT SYNTHESIS OF THE BIQUADRATIC
In [17] , Ladenheim claims there are eight series-parallel networks which can realise classes of biquadratic immittances which otherwise would require a full Bott-Duffin synthesis. Vasiliu [19] later shows that four of these networks can be realised by networks of two reactive and three resistive elements. In [17] , [19] it is not shown whether the remaining four networks can realise biquadratic immittances which cannot be realised in a simpler manner. Here we provide the range of parameter values corresponding to non-regular biquadratics in the canonical form which are realisable by this network quartet (Theorem 3 and Table I ).
Theorem 2: All series-parallel networks with three reactive and two resistive elements can only realise regular immittances except for the network quartet of Fig. 3 .
Proof: The procedure used to reduce to eight seriesparallel networks is not described in [17] . A complete elimination process based on the regularity concept is given in [30] .
It can be calculated that the positive real biquadratic impedance (1) with all parameters positive and the resultant K = 0 can be realised as in Fig. 3(a) with R 1 , R 2 , L 1 , C 1 and C 2 positive and finite, if and only if
(the extra inequality BE − CD > 0 given in [17] for this network can be seen to be redundant). The realisability conditions for the other three networks can be obtained by the transformations s ↔ s −1 , Z ↔ Z −1 . The realisability condition of the network Fig. 3(a) for the canonical form (3) can be derived from (4), which is:
where
It is interesting to note that a necessary condition for realisability in this quartet is that U ≥ 1 or V ≥ 1. We now describe explicitly the non-regular realisable regions in the (U, V )-plane for this quartet. Theorem 3: The impedance (3) can be realised by the network shown in Fig. 3(a) (Fig. 3(b) ) if and only if (U, V ) Fig. 3 . The series-parallel three-reactive five-element network quartet that can realise non-regular biquadratics. 
Networks
Necessary and Sufficient conditions for a non-regular (3) to be realisable Range of W for which non-regular region is non-empty Fig. 3(a) γ 3 = 0 W ∈ (0, 0.3702) Fig. 3(b) γ † 3 = 0 W ∈ (0, 0.3702) Fig. 3(c) γ
is on the curve γ 3 = 0 (γ † 3 = 0). Furthermore, (3) can only be non-regular when W ∈ (0, 0.3702).
Proof: See [31] . The conditions for a non-regular biquadratic impedance in the canonical form (3) to be realisable by the network quartet of Fig. 3 are summarised in Table I .
V. SIX-ELEMENT THREE-REACTIVE ELEMENT SYNTHESIS OF THE BIQUADRATIC
Vasiliu [20] claims that, there are in total 16 series-parallel networks with three reactive elements, which can realise biquadratic immittances which otherwise would require a full Bott-Duffin synthesis. In this section, a restudy of this topic based on the concept of regular positive-real functions is presented. We go beyond [20] to identify the non-regular realisable regions in the (U, V )-plane for each quartet. We will show that the non-regular realisable regions are identical for three of the quartets.
A. Elimination of the Networks that Can Only Realise Regular Biquadratics
Lemma 10: The network shown in Fig. 4 can only realise regular biquadratic impedances (1) .
Proof: See [32] . Lemma 11: The networks shown in Fig. 5 can only realise regular biquadratic impedances (1).
FrAIn3.4 Fig. 4 . The series-parallel six-element network with three reactive elements which based on Lemma 10 can only realise regular biquadratics.
Three series-parallel six-element networks with three reactive elements which based on Lemma 11 can only realise regular biquadratics.
Proof: See [32] . Theorem 4: A non-regular biquadratic immittance can be realised by a series-parallel network with three reactive and three resistive elements if and only if it is realisable by some network in the four network quartets of Fig. 6 .
Proof: The proof makes use of Lemmas 10, 11 and the properties of regularity introduced in Section II. The detailed proof is provided in [30] .
B. The Non-Regular Realisable Region of the Network Quartet Fig. 6-I, II, III
By the method introduced in [20] , the realisability conditions of the network Fig. 6-I(a) for (1) can be derived, which are:
and
It can be calculated that λ c = 0 (λ * c = 0) is equivalent to either λ c− = 0 or λ c+ = 0 (λ * c− = 0 or λ * c+ = 0), where
Proof: See [32] . Theorem 5: A non-regular biquadratic impedance (3) is realisable by the network of Fig. 6-I(a) if and only if U ≥ 1, Proof: We first rewrite the realisability conditions for the network of Fig. 6-I(a) for the canonical form (3). Note that (5) is equivalent to U ≥ 1 and the right hand inequality in (6) is equivalent to γ 3− > 0 or γ 3+ > 0, depending on whether the − or + sign is chosen for µ in (7).
When W < 1, we first consider the case that negative sign is chosen for µ. The left hand inequality in (6) is equivalent to γ 6 = γ 6+ γ 6− > 0, where
which is equivalent to U ≥ 1, (U, V ) is above γ 6+ = 0 or below γ 6− = 0. It can be calculated that the resultant of the polynomials γ 6− and λ c− is
which cannot equal zero. Further, it can be checked that the curve γ 6− = 0 is always above the curve λ c− = 0 (see Fig. 7 ). Since γ 6+ ≤ γ 6− , if (U, V ) is in the nonregular region for W < 1, γ 6 > 0 is equivalent to γ 6− < 0 (by Lemma 12), which is then redundant. For the case that positive sign is chosen for µ, since γ 3+ > 0 implies γ 3− > 0 we do not find any additional non-regular region in the (U, V )-plane. Based on Theorem 3 we know that γ 3− = 0 can be outside of the regular region with W < 1 if and only if W ∈ (0, 0.3702). This proves the result for the case W < 1. When W > 1, it follows from the proof of Theorem 3 that the curves γ 3± = 0 are inside the regular region λ * c > 0. Then based on Lemma 12, neither γ 3− > 0 nor γ 3+ > 0 covers any non-regular region with W > 1.
The realisability conditions for the biquadratic (1) for the networks of Figs. 6-II(c) and III(c) are given in [20] . It can 
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be checked that the realisable region in the (U, V )-plane for the canonical form (3) of the network quartets of Figs. 6-II and III differ and are also different from the network quartet of Fig. 6 -I. However it turns out that the set of non-regular biquadratics which are realisable by these network quartets is the same. The conditions for a non-regular biquadratic impedance (3) to be realisable by the network quartets of Fig. 6 -I, II, III are summarised in Table II .
C. The Non-Regular Realisable Region of the Network Quartet Fig. 6-IV
For any polynomial f (x, U, V, W ) we introduce the notation f
The complete realisability conditions of the network quartet of Fig. 6 -IV for the biquadratic canonical form (3) can be deduced from [20] . These are summarised in Table III , where f 3 (x) = x 3 + l 1 x 2 + l 2 x − γ 3 = 0, and
The conditions of Table III can be made more explicit using the method of sturm chains, though the polynomials in the sturm sequence are quite complex. Fig. 8 shows the realisable regions in the (U, V )-plane when W equals 0.35 for the network of Fig. 6-IV(a) . Part of the boundary curve for the non-regular realisable region for the network of Fig. 6-IV(a) is determined by the zero set of a high order polynomial γ 8 involving U , V and W . It is to be noted that the non-regular regions which are realisable by the quartet of Fig. 6 -IV are different from the previous three. The full characterisation of the realisable regions for this quartet are given in [32] .
VI. CONCLUSION
This paper studies five-and six-element series-parallel two-terminal networks with three reactive elements and presents a complete characterisation and graphical representation of the realisable conditions for these networks. It is shown that the non-regular realisable regions for three of the six-element network quartets are identical and have a boundary which coincides with the realisability curve for the five-element quartet. The fourth six-element quartet is shown to realise a different non-regular region from the other quartets.
